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Unsolved Mysteries: Trig Functions

This lesson is designed as a reinforcement lesson on trig functions. It will use the unit circle and history to show students where the trig functions come from and what they mean. This lesson will also greatly help students to identify trig identities. It is directed towards use in an Integrated Algebra I class as an introductory lesson, however, it can be implemented in an Integrated Algebra II/Trigonometry classroom as a reinforcement lesson.

Professional Standards Addressed:

This lesson addresses the following NYS-MST standards:

· A.A.42: Find the sine, cosine, and tangent ratios of an angle of a right triangle, given the lengths of the sides.
· A2.A.60:  Sketch the unit circle and represent angles in standard position.

This lesson addresses the following NCTM standards:

· Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.

· Create and use representations to organize, record, and communicate mathematical ideas

· Select, apply, and translate among mathematical representations to solve problems.
Instructional Objectives:
Following the completion of this lesson, students should be able to:

· Use the unit circle to find various trig identities

· Know where the trig functions lie on a unit circle 

· Understand the meaning of the trig functions  

Instructional Protocol/Itinerary:
Begin the lesson by asking the students how many of them do not fully understand what sine, cosine, tangent, and any other trigonometric function.  Then, ask them what they do know about the trig functions.  What properties do they know? Then define as to where the word sine comes from via the history lesson on the guided notes.  Complete portion of guided notes identifying the sine function and how it relates to the unit circle.  Use the Felt circle to help show the students.  Define Cosine in terms of sine, and complete notions of 30, 45, 60 degrees as to cosine being sine’s compliment.  Also show this on the unit circle using the felt strips.  Continue by explaining history of Tangent and Secant.  Then define proportionately.  After proportions are explained, explain the “co’s” of each of these then show them on the felt circle how they are compliments of tangent and secant.  Define these two terms proportionately using the unit circle, and conclude with having students identifying as many different properties and rules of trigonometric functions using the unit circle.  Be sure to have students explain how the property holds using the unit circle.  The last page is a personal version of the large board used in class.
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Unsolved Mysteries: Trig functions
Have you ever found yourself questioning trig functions and where they came from? Well today we will explore this mystery. 

First of all, let’s recall and list all the trig functions:
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Let’s first look at the sine function. What does the word sine even mean!?

The History of Sine:
It all started with 
Hindu

 mathematics, when they used the abbreviation 
Jya
 for the word “Jya-ardha” which means 
Chord-half

. When this term was discovered by Arabic mathematicians they phonetically translated it to 
Jiba
, which is written as 
Jb
 in Arabic because they don’t write vowels. Then when European mathematicians saw the Arabic mathematics they translated that into Latin. However, since Jiba was only a phonetic translation the closest word in Arabic that was written as JB, was Jaib, which means   
cove
 or 
bay
. In Latin, this is translated into 
sinus
      . This is where we get our modern day sine. So, at the end of the day the definition of sine really is: “The half-chord of the double of the central angle”
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Now that we know the definition of sine, let’s see if we can discover this on the unit circle. Recall that a chord is a line that links two points on a circle. So given some central angle[image: image14.png]


, by definition of sine, let’s double the angle, and then connect the points A and D on the circle to form chord AD as shown below:
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Now we notice that line segment BC perpendicularly bisects line segment AD at point E, hence giving us half of the chord AD in line segment AE. Also, this gives us a right triangle ABE, and as we recalled earlier, the sine of an angle is the opposite over the hypotenuse. In the unit circle our hypotenuse is 1, so we find that the sine of angle [image: image16.png]


 is indeed line segment AE.
Another way we can see this definition in action is if we look at how we find the length of a chord. Recall: 
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So in this case, what is the chord length of chord AD if [image: image19.png]


? Is this double the sin(30)?
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Now that we solved the mystery of sine, let’s look at cosine. Spelling wise, it is very similar to the sine, except for that “co” in front of it. That “co” actually means 
compliment
 so, cosine means 
Compliment of sine

. Now, knowing what cosine means, let’s go back to the unit circle.
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We can now see that the cosine of angle [image: image24.png]


 is the line segment BE. From what we recalled earlier, cosine is the adjacent over the hypotenuse.  In the unit circle we see that the hypotenuse is 1, thus making line segment BE equal to cosine.

So in other words, using our definition of cosine, [image: image26.png]sin(6) = cos(90 — 6)



. Does this hold for the following angles?

[image: image28.png]







 [image: image30.png]


 



[image: image32.png]



[image: image34.png]sin(30) =



  



[image: image36.png]sin(45) =

w |



 



[image: image38.png]sin(60) =

ol




[image: image40.png]cos(90 —30) =3



 


[image: image42.png]V2
3

cos(90 - 45)



 


[image: image44.png]V3
2

cos(90 - 60)




Do you think this holds for all angles? Yes, class discussion. 
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Sine and cosine weren’t too hard to demystify, now let’s try tangent and secant! Tangent comes from the Latin word 
tangere
, which means 
to touch
. Secant also comes from a Latin term, 
secare

, which means 
to cut

.So let’s see if we can find the tangent and secant on our unit circle. We want a line that just “touches” the unit circle, which we have at point C by line segment FC. We also want a line that “cuts” the unit circle, so let’s extend line BA to form line segment BF. This forms right triangle FBC. 
We now just formed similar triangles ABE [image: image46.png]


 FBC by AAA. So we can now set up proportions such as:
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We have already learned that [image: image52.png]sin(6) = AE
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. We can also see that [image: image56.png]


 and [image: image58.png]


 because we are working in the unit circle. So we now have the proportions:
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Now recalling some trig identities what do we find FC and BF to be?

FC =[image: image64.png]tan(6)



  





 BF = [image: image66.png]sec(6)





We are now two third’s done solving the mysteries of the unit circle. Let’s see if we can figure out the final 2, cotangent and cosecant. We already learned earlier what the “co” meant in front of sine, the same is true for cotangent and cosecant. So, cotangent means

compliment of tangent
 and cosecant means 
     compliment of secant
. Let’s check it out on the unit circle. We can draw a line segment GH that just touches the unit circle at point G and extend line segment BF to line segment GH and point H. 
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We now have three similar triangles [image: image68.png]ABE ¥ FBC ¥ BHG



. Recall trig identities for cotangent and cosecant:
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Then, from setting up proportions of similar triangles we can find cotangent and cosecant in the unit circle. 
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Where: [image: image78.png]tan(6) BE=cos(6) AE
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Mystery Solved! 
Using what we just found, how many trig identities can you find?

(leave space in actual lesson plan)
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Unsolved Mysteries: Trig functions
Have you ever found yourself questioning trig functions and where they came from? Well today we will explore this mystery. 

First of all, let’s recall and list all the trig functions:

Let’s first look at the sine function. What does the word sine even mean!?

The History of Sine:

It all started with 


 mathematics, when they used the abbreviation 

 for the word “Jya-ardha” which means 


. When this term was discovered by Arabic mathematicians they phonetically translated it to 

, which is written as 

 in Arabic because they don’t write vowels. Then when European mathematicians saw the Arabic mathematics they translated that into Latin. However, since Jiba was only a phonetic translation the closest word in Arabic that was written as JB, was Jaib, which means   

 or 

. In Latin, this is translated into 

      . This is where we get our modern day sine. So, at the end of the day the definition of sine really is: 
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Now that we know the definition of sine, let’s see if we can discover this on the unit circle. Recall that a chord is a line that links two points on a circle. So given some central angle[image: image80.png]


, by definition of sine, let’s double the angle, and then connect the points A and D on the circle to form chord AD as shown below:
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Now we notice that line segment BC perpendicularly bisects line segment AD at point E, hence giving us the half chord AE of chord AD. Also, this gives us a right triangle ABE, and as we recalled earlier, the sine of an angle is the opposite over the hypotenuse. In the unit circle our hypotenuse is 1, so we find that the sine of angle [image: image82.png]


 is indeed line segment AE.

Another way we can see this definition in action is if we look at how we find the length of a chord. Recall: 

So in this case, what is the chord length of chord AD if [image: image84.png]


? Is this double the sin(30)?

Now that we solved the mystery of sine, let’s look at cosine. Spelling wise, it is very similar to the sine, except for that “co” in front of it. That “co” actually means 


 So, cosine means 





. Now, knowing what cosine means, let’s go back to the unit circle.
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We can now see that the cosine of angle [image: image86.png]


 is the line segment BE. From what we recalled earlier, cosine is the adjacent over the hypotenuse.  In the unit circle we see that the hypotenuse is 1 thus making line segment BE equal to cosine.

So in other words, using our definition of cosine, the [image: image88.png]sin(6) = cos(90 — 6)



. Does this hold for the following angles?
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Do you think this holds for all angles? [image: image118.png]i
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Sine and cosine weren’t too hard to demystify, now let’s try tangent and secant! Tangent comes from the Latin word 


, which means 


. Secant also comes from a Latin term, 


, which means 


.So let’s see if we can find the tangent and secant on our unit circle. We want a line that just touches the unit circle, which we have at point C by line segment FC. We also want a line that “cuts” the unit circle, so let’s extend line BA to form line segment BF. This forms right triangle FBC. 

We now just formed similar triangles ABE [image: image96.png]


 FBC by AAA. So we can now set up proportions such as:

We have already learned that [image: image98.png]sin(6) = AE
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. We can also see that [image: image102.png]
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 because we are working in the unit circle. So we now have the proportions:
Now recalling some trig identities what do we find FC and BF to be?
FC =






BF =

We are now two third’s done solving the mysteries of the unit circle. Let’s see if we can figure out the final 2, cotangent and cosecant. We already learned earlier what the “co” meant in front of sine, the same is true for cotangent and cosecant. So, cotangent means




 and cosecant means 




. Let’s check it out on the unit circle. We can draw a line segment GH that just touches the unit circle at point G and extend line segment BF to line segment GH and point H. 
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We now have three similar triangles [image: image106.png]ABE ¥ FBC ¥ BHG



. Recall trig identities for cotangent and cosecant:
Then, from setting up proportions of similar triangles we can find cotangent and cosecant in the unit circle. 
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Mystery Solved! [image: image123.jpg]



Using what we just found, how many trig identities can you find?
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